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Abstract

We describe a proto-type system that solves Poisson's equation using massively-

parallel, micro-power analog circuits. The system consists of an 8 x 8 array of uniform

resistive elements. To save area and power, resistive elements are made using com-

plementary MOS transistors biased in the subthreshold ohmic region. A single cell

measures 130 �m x 110 �m in a 1.2-�m process. Simulations and chip measurements

con�rm the behavior of the circuit.

1 Introduction

Several applications in image processing require the solution of Poisson's equation. One
example is an adaptive optical system that compensates for phase aberrations in the wave-
front [1]. In this application a Hartmann sensor is used to divide the optical aperture into
a two-dimensional array of subapertures. In a companion paper, an analog VLSI circuit is
described that computes the centroid of the image in each subaperture [2]. Subsequently,
the centroid is used to estimate the phase of the wave-front by solving Poisson's equation.

In two dimensions, Poisson's equation takes on the following form:

@2u

@x2
+
@2u

@y2
= f(x; y) (1)
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where u(x; y) is an unknown continuous scalar function which satis�es boundary conditions
u(
) = � at the boundary 
 of region R and f(x; y) is the forcing function. Quite often
this equation is solved using �nite element analysis, which divides the continuous region R
into discrete points. The more points on the grid, the higher the accuracy of the solution.

There exist two major approaches for solving the discretized problem, digital [3] and
analog [4, 5, 6, 7, 8, 9, 10, 11]. The digital solution is characteristically programmable,
accurate, and repeatable. On the other hand, with a large number of grid points, the
solution can be very slow, even when some measure of accuracy is traded o� for increased
speed. Contrast with the analog solution, which is generally hard-wired, low-precision, and
noisy. In order to save area, only a limited degree of programmability can be maintained in
analog circuits. Miniature, micro-power analog circuits may provide only 6-8 equivalent bits
of dynamic range due to signi�cant amounts of noise and distortion. The sources of noise in
analog circuits are both time-varying, e.g., thermal and icker noise, and parametric, e.g.,
transistor mismatch. Nevertheless, the analog solution can be several orders of magnitude
faster and more e�cient than the digital solution on large two-dimensional data sets.

In this work we describe a proto-type analog VLSI circuit that solves Poisson's equation
using massively-parallel, micro-power analog circuits. The architecture is depicted in Fig. 1
as a rectangular array of uniform resistive elements. Each circuit block consists of four
resistive elements that connect with four nearest neighbors. At the center of each resistive
block is a node where current i is injected into the resistive grid and the resulting voltage v
is measured.

ii,j i i+1,j

vi,j vi+1,j

ii,j+1 ii+1,j+1

vi,j+1 vi+1,j+1

Figure 1: Resistive grid. Each resistive block consists of four resistive elements, at the center
of which is a node where current i is injected into the grid and the resulting voltage v is
measured.
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2 Circuit Description

In integrated circuits, resistors are not adjustable. They occupy a large amount of silicon
area and can lead to high power consumption. On the other hand, transistors operating in
the linear or ohmic region operate as weakly nonlinear resistors. If the voltage across the
source and drain terminals is kept small, nonlinear distortion is minimized. Moreover, in an
adaptive control loop, where the objective is to reduce all voltages across the transistors to
zero, nonlinear distortion ceases to be of primary concern.

2.1 CMOS Resistor

A complementary MOS resistor consists of an NMOS and PMOS transistor in parallel.
These transistors are shown in Fig. 2 as Mr;n and Mr;p, respectively. Control voltages Vc;p
and Vc;n are chosen so as to result in an equal equivalent resistance for each transistor type.
If the CMOS resistors operate in the subthreshold ohmic region, equivalent resistances in
the range of 1-100 M
 are typical. These values of resistance are compatible with photo-
currents, which are in the pico-amp to nano-amp range [12]. We can also bias the transistors
to operate above threshold in the linear or triode region, resulting in equivalent resistances
on the order of 10-100 k
. CMOS resistors are more linear when operated above threshold.
However, photo-currents must be magni�ed by at least two orders of magnitude in order to
be signi�cant with such a low equivalent resistance.

The biasing arrangement used for the CMOS resistors is also shown in Fig. 2. Currents
Ib;n and Ib;p are externally applied. The small-signal resistance of the CMOS resistor is the
parallel combination of the equivalent resistances for the NMOS and PMOS transistors.

Assuming that transistors operate in the subthreshold region, the equivalent resistances
are given by:

req;n =
VT
Ib;n

(W=L)b;n
(W=L)r;n

req;p =
VT
Ib;p

(W=L)b;p
(W=L)r;p

(2)

where VT � kT=q is the thermal voltage (� 25 mV at room temperature) and (W=L)i is
the width-to-length ratio of transistor Mi. Therefore, by making Ib;n = Ib;p and the ratios
(W=L)b;n=(W=L)r;n = (W=L)b;p=(W=L)r;p, it is possible to make req;n = req;p.

Alternately, all transistors in Fig. 2 could be biased above threshold. In this case the
equivalent resistances for the NMOS and PMOS transistors are given by:

req;n =
1

(W=L)r;n

vuut(W=L)b;n
2k0

nIb;n

req;p =
1

(W=L)r;p

vuut(W=L)b;p
2k0

pIb;p

(3)
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where k0

n � �nCox and k0

p � �pCox are the process transconductance parameters for NMOS
and PMOS transistors, respectively. We see from (3) that setting Ib;n = Ib;p and making
(W=L)b;n=(W=L)r;n = (W=L)b;p=(W=L)r;p is not su�cient to ensure that req;n = req;p. If this
condition must be satis�ed, a more elaborate biasing circuit is required.

Vc,n

Vc,p

Ib,n

Ib,p

Mb,n

Mb,p

Mr,n

Mr,p

Figure 2: CMOS resistor and biasing scheme. Externally applied currents, Ib;n and Ib;p
establish nominal control voltages Vc;n and Vc;p which are applied to the parallel NMOS and
PMOS transistors Mr;n and Mr;p, respectively.

2.2 Resistive Block

Each resistive block consists of four CMOS resistors with biasing circuitry, an NMOS current
mirror for taking current o� of the center node, a PMOS current mirror for putting current
onto the center node, and pass transistors that broadcast the center node to the output. A
schematic is shown in Fig. 3.

The CMOS resistors connect the center node, Vnode, to four nearest neighbors to the top,
bottom, right, and left of the resistive block. They are biased by global control voltages
Vc;n and Vc;p. Externally applied currents iin;n and iin;p are injected into the center node
via cascode current mirrors. N-type and P-type mirrors are necessary in order to inject
both positive and negative currents. The voltage at the center node is sensed via two pass
transistors. These pass transistors are activated when RowS and ColS are at VDD and their
complements, RowB and ColB, are at VSS.
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Figure 3: Schematic of a single cell.

3 Results

Circuit design, veri�cation, and layout were accomplished using EDA software from Tanner
Research. Chip measurements were done using laboratory equipment from Hewlett-Packard.

3.1 Circuit Simulation

T-SPICE simulations of a single CMOS resistor are shown in Fig. 4(a). The equivalent
resistance is 200 M
 for both the NMOS and PMOS transistors, resulting in a combined
small-signal resistance of 100 M
. For voltages in the range of � 15 mV, the CMOS resis-
tor appears to be very linear. For voltages larger than � 25 mV, a symmetric saturating
nonlinearity is observed.

In Fig. 4(b), we show the simulation results of a Poisson equation solver using a 4 x
4 CMOS resistive grid. The nominal resistance of each CMOS resistor is 100 M
. The
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boundary voltages along all four sides of the grid are 0V. A current of 0.1 nA is injected
onto each node. We see that the surface plot of the node voltages in Fig. 4(b) has the
characteristic bowl shape.
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Figure 4: Response of resistive blocks: (a) the voltage across a single resistive element as a
function of the applied input current, and (b) 3-D view of node voltages for a 0.1 nA constant
input current applied to each of the 4 x 4 array. Resistive blocks marked by columns and
rows 0 and 5 correspond to boundary voltages, which are all set to 0 V.

3.2 Chip Layout and Measurements

We performed the layout of a proto-type 8 x 8 Poisson equation solver using L-EDIT. In
order to limit the number of I/O pins, the chip is constrained to solve problems that have
circular symmetry. We made all of the CMOS resistors very wide, resulting in a much lower
e�ective resistance. In that way, higher currents can be injected, which simpli�es testing. In
the proto-type chip, a single resistive block measured 130 �m x 110 �m in a 1.2-�m process.
In Fig. 5, the layout of a 2 x 2 array of resistive blocks is shown. We note that approximately
half of the silicon area is taken with interconnections. The second layer of metal (not shown)
covers the entire cell in order to protect it from electromagnetic interference.

We included two additional circuit blocks in the layout, an address decoder and a voltage
bu�er. Three-bit digital row and column address decoders select a particular resistive block
to output its node voltage. The selected node voltage is bu�ered through a rail-to-rail unity-
gain ampli�er bu�er that is capable of driving an external load of 10 k
 and 30 pF. By slowly
scanning through each address, we are able to measure the solution of Poisson's equation
using a digital voltmeter.

We performed two tests of the Poisson equation solver chip, both of them static. In these
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Figure 5: Layout of a 2x2 resistive grid array. Note that almost half the area is taken by
routing. Metal2 has been removed to aid in viewing.

tests, the small-signal resistance of the CMOS resistors was set to 100 k
. In the �rst test, a
positive current of 0.1 �A is injected onto each node and then an equal but negative current
is injected onto each node. Only the diagonal resistive blocks in the array were measured.
The results of this test are shown in Fig. 6(a). A third curve in Fig. 6(a) is the mirror
image of the voltages measured when the negative current is injected. If NMOS and PMOS
transistors were matched, the negative and positive current tests would give the same results
except for a change in sign. On the contrary, Fig. 6(a) gives evidence that NMOS and PMOS
transistors are not matched.

In the second test, the CMOS resistors were again set to a small-signal resistance of
100 k
. A positive current of 0:1 �A was injected into each node. We slowly scanned
through each address and measured the voltage at every node in the array. A surface plot of
this data is shown in Fig. 6(b). As with the simulation of Fig. 4(b), we see the characteristic
bowl shape.

4 Discussion and Conclusion

Tanner Research supplies matched NMOS and PMOS transistor parameters in their Level
V transistor models that accompany T-SPICE. Evidence of matching is found in Fig. 4(a).
The curve is symmetric. However, from Fig. 6(a), we see that NMOS and PMOS transistors
exhibit di�erent nonlinearities, since the curves cannot be aligned when node voltages exceed
approximately 20 mV. It is therefore necessary to design circuits which tolerate signi�cant
di�erences in NMOS and PMOS parameters.

The simulated surface plot of Fig. 4(b) closely correlates with the measured surface plot
of Fig. 6(b). However, there are some di�erences. Unlike the measured data, the simulated



8

0 1 2 3 4 5 6 7 8 9

−20

−10

0

10

20

30

Diagonal of 8x8 Resistive Grid

Position

V
no

de
 [m

V
]

Positive
Negative
Mirror

(a)

0
2

4
6

8

0
2

4
6

8

0

5

10

15

20

25

x−dir

8 x 8 Resistive Grid

y−dir

V
no

de
[m

V
]

(b)

Figure 6: Chip measurements of the 8 x 8 Poisson equation solver. The CMOS small-signal
resistance is set to 100 k
. (a) Constant positive and negative currents of 0:1 �A are injected
into each node. Voltage measurements are taken along the diagonal of the array. A mirror
image of the negative current shows that the two curves are not identical. (b) A constant
positive current of 0:1 �A is injected into each node. Voltage measurements are taken across
the entire array. The boundary voltages, which are labeled row and column 0 and 9, are all
0V.

data is free of noise and o�set. On the other hand, the simulated data is considerably more
granular than the measured data, largely because we were unable to simulate the circuit at
a grid size larger than 4 x 4 due to convergence problems. What would happen if we moved
to a 64 x 64 grid? The chip would have no problem in arriving at an approximate answer.
The circuit simulation, however, would be too computationally expensive.

In the proto-type version, all input currents are hard-wired. As the number of nodes
in the resistive grid increases, however, there will not be enough pins for direct current
injection. Instead, one of two approaches must be explored. The �rst is to develop an
accurate and fast current-sampling scheme. In that way, currents can be injected either one
cell or one row at a time and then memorized until the array is refreshed. The second is
to include photo-transducers on the Poisson equation solver circuit. The latter solution is
generally preferred, as it will result in the lowest power consumption, lowest noise, and least
amount of silicon. The only drawback is that the �ll factor of the photo-transducers will be
considerably less than 50%. We are currently looking toward integrating the equation solver
with the photo-transducers.
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