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Abstract | Four schemes for linearizing the transcon-

ductance of the basic di�erential pair in subthreshold

CMOS are examined. They are: source degeneration

via (1) diode-connected transistors, (2) a single di�usor

and (3) symmetric di�usors, and (4) multiple asymmetric

di�erential pairs. We derive equations for the di�erential

output current for each linearizing technique. We apply a

maximally at optimizing criterion to these designs. Fi-

nally, we compare each technique in terms of linear range

and energetic e�ciency.

I. Introduction

Analog circuits implemented in subthreshold
CMOS are attractive because of their low power
consumption and compatibility with standard digital
CMOS processes [1]. Continuous-time linear �ltering
of audio signals, for applications such as hearing aids,
is one class of analog circuits to which subthreshold
CMOS operation poses a particular challenge. The
reason is that subthreshold current in a CMOS de-
vice depends exponentially on the gate voltage. As
a case in point, we show in section II that the lin-
ear range of the basic two-transistor di�erential pair
operating below threshold is less than 15 mV. How-
ever, by applying several linearizing techniques we
are able to increase the linear range by as much as
eight times. These techniques require only modest
increases in silicon area and power consumption.
A model for the current in an NMOS device oper-

ating below threshold is given by [2]
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where VGB is the gate to bulk voltage, VSB is the
source to bulk voltage, VDB is the drain to bulk volt-
age, S is the width-to-length ratio, I0 is the zero-bias
current, � denotes the electrostatic coupling between
the gate and channel, and Ut is the thermal voltage.
The thermal voltage Ut � kT=q is approximately

26 mV at room temperature. A typical value for � is
0.7. We ignore the e�ect of a non-zero drain conduc-
tance on the output current. If VSB > VDB+5Ut, the
transistor is said to be in saturation, and the drain
voltage dependence can be eliminated.

II. The Differential Pair and Definitions

The basic di�erential pair is shown in Fig. 1(a).
It consists of two matched transistors, M1a and
M2a, operating in subthreshold saturation and a cur-
rent source, Ib. Let V1 and V2 be de�ned by their
common-mode and di�erential-mode voltages, as in
V1 � VCM + VDM=2 and V2 � VCM � VDM=2.
We wish to compute the di�erential output current,
IDM � I1 � I2. It can be shown that

IDM = Ib tanh
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Figure 1: (a) The basic di�erential pair. (b) The
di�erential pair with source degeneration via diode-
connected transistors.

The transconductance of the di�erential pair is
G � @IDM=@VDM . We establish the minimum-to-
maximum transconductance ratio as

MMGR �
����GminGmax

���� (3)



De�ne the linear range LR of the transconductor
as the continuous set of values of G which satisfy
MMGR greater than or equal to a constant.
We de�ne the energetic e�ciency of a transconduc-

tor as the maximal linear output current expressed
as a fraction of the total bias current. If we write
the di�erential output current as a function of the
di�erential input voltage, then the e�ciency E� can
be expressed as

E� =
IDM (VDM = LR=2)

Ib
� 100% (4)

where LR=2 is half the linear range.
For the case of the basic di�erential pair,

G =
Ib

cosh2
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The maximum value occurs for VDM equal to zero.
Given MMGR, the linear range can be determined
as

LR =
4Ut
�

cosh�1
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For Ut = 25:7 mV, � = 0:7, and MMGR = 0:99 we
obtain a linear range of 14.7 mV. In Fig. 2 we plot
G as a function of VDM . The e�ciency of the basic
di�erential pair is

E� =
p
1�MMGR � 100% (7)

Thus, we �nd that the e�ciency of this design is
10.0%.
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Figure 2: For the basic di�erential pair, G normal-
ized by the maximal transconductance as a function
of VDM in units of Ut=�.

III. Source Degeneration

Source degeneration can be accomplished by plac-
ing a conductance at the source of the di�erential

pair. In a standard digital CMOS process, no high-
impedance resistors exist. Therefore, impedances
will be generated using only transistors. Three tech-
niques for improving the linear range of the basic dif-
ferential pair using source degeneration are outlined
below.

A. Diode-Connected Transistors

A di�erential pair with source degeneration via
two diode-connected transistors is shown in Fig. 1(b).
We assume that all transistors operate in saturation.
One can show that

IDM = Ib tanh
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In fact, the addition of diode-connected transistors
can be viewed solely as a reduction in � [3], where
we de�ne a new �0 = �2=(1 + �). Substituting �0

into the equations for G, LR, and E� for the basic
di�erential pair, we �nd that the linear range of the
di�erential pair with diode-connected transistors is
35:8 mV and its e�ciency is still 10%.
The cost of using diode-connected transistors at

the source of the transistor is an increased supply
voltage. If possible, we would like to achieve an im-
proved linear range without this increase.

B. Single Di�usor

The di�usor was proposed in [4] and discussed ex-
tensively in [2]. Its di�usivity, or conductivity, is
controlled by an applied gate potential, VGC [2]. A
di�erential pair with source degeneration via a single
di�usor Mb is shown in Fig. 3(a). The same circuit
topology, as applied to above threshold CMOS, can
be found in [5].
One can show that the relative width-to-length ra-

tio m = Sb=Sa has the same e�ect on the di�usivity
as the applied gate voltage. Therefore, we assume
for simplicity that VGC = VCM . An expression for
IDM can be written as

IDM = Ib tanh
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To �nd G, we di�erentiate IDM with respect to VDM .
The relative width-to-length ratio m is the single pa-
rameter with which we can a�ect the shape of the
transconductance function.
Two possible criteria for optimizing the linear

range are equiripple and maximal atness. The op-
timality criterion that we follow is that of maximal
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Figure 3: The di�erential pair with source degenera-
tion via (a) one di�usor and (b) symmetric di�usors.

atness, since it provides for a more robust design
strategy against device mismatch. With one degree
of freedom, the �rst nonzero derivative of G is set
to zero. By design G is an even function of VDM .
Therefore its �rst derivative is zero. Setting the sec-
ond derivative equal to zero, we �nd the only positive
root occurs at m = 0:25. This root is independent of
Ib, �, and Ut.
If we let MMGR be 0.99, as for the other circuits,

the linear range is 116.8 mV, or eight times that of
the basic di�erential pair. The e�ciency of the dif-
ferential pair with a single di�usor is 26.5%, or more
than 2.5 times that of the simple di�erential pair. In
Fig. 4 we plot G as a function of VDM .
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Figure 4: For the di�erential pair with source de-
generation via a single di�usor, G normalized by the
maximal transconductance as a function of VDM in
units of Ut=�.

A disadvantage of this di�erential pair con�gu-
ration is that it requires additional common-mode
circuitry to ensure that the input signals operate
around VGC . If for some reason the VCM drifts away
from this value, the linear range will be drastically
reduced.

C. Symmetric Di�usors

A di�erential pair with source degeneration via
symmetric di�usors M1b and M2b is shown in
Fig. 3(b). The topology for this circuit is derived
from [6]. As with the single di�usor, we �nd one
free parameter, m = Sb=Sa, the relative aspect ratio
of the two matched transistor pairs. However, this
di�erential pair con�guration does not require extra
common-mode rejection circuitry. An expression for
IDM is

IDM = Ib tanh
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The relative width-to-length ratio m is the single pa-
rameter with which we can a�ect the shape of the
transconductance function, G. Setting the second
derivative of G equal to zero, we �nd the only posi-
tive root at m = 0:5. This root is independent of Ib,
�, and Ut.
ForMMGR equal to 0.99 and all other parameters

as before, we obtain a linear range of 58.4 mV, or
exactly one-half the that of the transconductor with
a single di�usor. The e�ciency is is 26.5%, identical
to that of the single di�usor design. In Fig. 5 we plot
G as a function of VDM .
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Figure 5: For the di�erential pair with source degen-
eration via symmetric di�usor, G normalized by the
maximal transconductance as a function of VDM in
units of Ut=�.

IV. Multiple Differential Pairs

Another technique for linearizing the basic
transconductor employs a multiplicity of asymmet-
ric di�erential pairs [7].

A. Two Di�erential Pairs

A transconductor with two di�erential pairs is
shown in Fig. 6. It consists of two pairs of unequal



size transistors and two current sources. The e�ect
of sizing the transistors in this way is to create an
intentional voltage o�set. The di�erential current is
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The relative width-to-length ratiom of the transistor
pairs will be used to a�ect the shape of the transcon-
ductance function. Setting the second derivative of
G equal to zero, we �nd that the only positive root
that is greater than one occurs atm = 2+

p
3. Due to

symmetry, a second root occurs at m = 1=(2 +
p
3).

These roots are independent of Ib, �, and Ut.
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Figure 6: A transconductor with two asymmetric
di�erential pairs.

If we let MMGR be 0.99, while all other parame-
ters remain unchanged, we obtain a linear range of
58.4 mV, equal to that of the transconductor with
symmetric di�usors. The e�ciency of the transcon-
ductor using two asymmetric di�erential pairs is
26.5%, also the same. A plot of G as a function of
VDM is indistinguishable from that shown in Fig. 5.

B. Three or More Di�erential Pairs

It is possible to have more than two di�erential
pairs in order to increase the linear range and e�-
ciency as with done with bipolar design [7]. The op-
timalwidth-to-length ratios and current source ratios
are the same for bipolar circuits as for subthreshold
CMOS.

V. Discussion

Four linearizing techniques have been described,
analyzed, and optimized for use in subthreshold
CMOS circuit design. The three techniques which
are promising for use in low-power continuous-time
�ltering applications are source degeneration using a
single di�usor, source degeneration using symmetric
di�usors, and multiple asymmetric di�erential pairs.
These linearizing schemes o�er signi�cantly higher
e�ciency, as compared with the basic transconduc-
tor or the transconductor with source degeneration
via diode-connected transistors. The single di�u-
sor yields the highest linear range (116.8 mV); how-
ever, it requires extra common-mode voltage cir-
cuitry. The symmetric di�usors and two asymmetric
di�erential pairs o�er half the linear range, but no
common-mode circuitry is required. It can be shown
that three asymmetric di�erential pairs would o�er
even higher e�ciency (36.4%), with only a modest
increase in the complexity of the circuit. Its linear
range (98.1 mV) is comparable to that of the single
di�usor.
One particularly useful property of the subthresh-

old transconductors analyzed in this work is that lin-
ear range, e�ciency and optimal transistor scaling
are independent of the bias current. In that way, a
single layout can be used repeatedly in a large scale
system that consists of hundreds of transconductors
biased at current levels which vary over several or-
ders of magnitude [8].
Further work will be done to characterize each cir-

cuit's immunity to component mismatch.
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