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ABSTRACT

The aim of this work is the e�cient implementation of
linear continuous-time cochlear models, such as that pro-
posed by Liu [11, 12]. The basic �lter element, a transcon-
ductance-C integrator with no linearization, is evaluated in
terms of dynamic range and power consumption. Linearized
transconductors which employ source degeneration via sin-
gle and multiple di�usors yield no net increase in current
noise density, whereas linear range is improved eight and
four times, respectively. Experimental results verify this
improvement.

1. INTRODUCTION

Analog circuits implemented in subthreshold CMOS are at-
tractive because they consume little power and are compat-
ible with standard CMOS processes [21, 13]. Continuous-
time linear �ltering of audio signals, for applications such
as hearing aids, is one class of analog circuits for which sub-
threshold CMOS poses a particular challenge. The reason
is that subthreshold current in a CMOS device depends
exponentially on the gate voltage. Indeed, a model for
the current in an NMOS device operating below threshold
is [21, 13, 2]

IDS = I0S exp
�VGB

Vt (exp
�

VSB

Vt � exp
�

VDB

Vt ) (1)

where S � W=L, � is the electrostatic coupling coe�cient
between the gate and channel, and other terms are by con-
vention. We ignore the e�ect of a nonzero drain conduc-
tance. In appendix A an NMOS device is characterized in
greater detail.
A static, linear �lter bank model of the cochlea imple-

mented in subthreshold CMOS has been introduced by
Liu [11, 12] and is depicted in Fig. 1. This design is the
result of the e�ective bandwidth concept. It reproduces
faithfully transfer characteristics based on hydrodynamic
simulations of a one-dimensional uid-mechanical model of
the cochlea [1]. The �lter bank structure has only four tun-
ing parameters { the frequency range and the quality fac-
tor range { yet is exible enough to �t neurophysiological
data. The major building block of this CMOS implementa-
tion is the transconductance-C integrator, from which the
�rst-order lowpass and second-order bandpass sections of
Fig. 1 are constructed. Recently, a constant-Q variation on
this architecture has been studied extensively in terms of
noise, dynamic range, and information rate, as measured in
bits/sec/Watt or bits/Joule [6, 5].
The dynamic range of a �lter bank is necessarily lim-

ited by that of its basic element, which, in this work,
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Figure 1. Filter bank architecture based on
a one-dimensional iud-mechanical model of the
cochlea [11].

is the transconductance-C integrator. Other possible in-
tegrator implementations include MOSFET-C, switched-
capacitor [10], switched-current [14], and log-domain [18].
Several researchers have explored the problem of increas-

ing the dynamic range of transconductance-C integrators
in the context of low power continuous-time cochlear �lter
banks. In 1992 Lyon and Mead used a transconductor with
source degeneration via diode-connected transistors [22].
The following year, Andreou and Liu achieved a wide lin-
ear range using a bipolar current multiplier embedded in
a CMOS transconductor [3]. More recently, Sarpeshkar et
al [16] have proposed the use of the \back-gate", or sub-
strate, for use as the input node, in order to achieve a wide
linear range. In this work, two linearizing techniques are
introduced, source degeneration using a single di�usor, and
source degeneration using double di�usors.

2. THE TRANSCONDUCTANCE-C
INTEGRATOR

A di�erential-input, single-ended output transconductance-
C integrator with no linearization is shown in Fig. 2. It
consists of a transconductor, a current mirror, and an in-
tegrating capacitance. In this case the transconductor is
a simple di�erential pair, as used by Liu [11]. The mirror
is assumed noiseless in order to isolate the behavior of the



transconductor. Alternately, the mirror can be replaced by
a complementary active stage, yielding a di�erential output,
so that no net noise is introduced [8].
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Figure 2. A transconductance-C integrator using
the basic di�erential pair.

The di�erential pair with no linearization, as shown in
Fig. 2, consists of two matched transistors and a current
source Ib. Let the di�erential input voltage VDM � V1�V2,
and the di�erential output current IDM � I1�I2. IDM can
be written as [13, 21]

IDM = Ib tanh
�
�VDM
2Vt

�
(2)

De�ne the transconductance of the di�erential pair as
G � @IDM=@VDM . Normalize G by dividing by its nominal
value Go. For the basic di�erential pair, we have Go =
Ib�=2Vt. In this work, distortion is de�ned as the largest
deviation of the normalized transconductance from unity.
Then the linear range is the continuous set of values of VDM
for which the distortion is less than or equal to a constant.
For Vt = 25:7 mV, � = 0:7, and 1% distortion, the linear
range of the basic di�erential pair is �7:35 mV or 14.7 mV.
Fig. 3(a) plots normalized G as a function of VDM .
The small-signal noise model of appendix A applied to the

simple di�erential pair reveals that the di�erential current
noise density is just the summed noise components of the
di�erential pair, or 2qIb. Referred to the input, an equiva-
lent voltage noise density is 2qIb=G

2

o. Assuming a lowpass
con�guration with cuto� frequency Go=C, the equivalent
noise bandwidth is Go=4C. The output voltage noise power
is the product of the input-referred noise density and the
equivalent noise bandwidth. After simplifying we obtain
Vtq=�C.
The dynamic range is the ratio of the maximum output

voltage signal power divided by the output voltage noise
power, expressed in dB. For a sinusoidal input signal, the
maximum output voltage power is the linear range squared
divided by eight. For this case, assuming an integrating ca-
pacitance of 5 pF, the dynamic range is 43.6 dB. The power
dissipated in the transconductor is simply IbVdd, where Vdd
is the supply voltage.

3. LINEARIZED TRANSCONDUCTORS
USING DIFFUSIVE SOURCE

DEGENERATION

Equation (1) describes the behavior of a di�usor, which was
�rst proposed in [4] and is discussed extensively in [2]. Its
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Figure 3. Normalized transconductance as a func-
tion of VDM in units of Vt=� for (a) the basic dif-
ferential pair, (b) source degeneration via double
di�usors, and (c) source degeneration via a single
di�usor.

di�usivity, or conductivity, can be controlled by the applied
gate potential, VGB [2].

3.1. Single Di�usor

A di�erential pair with source degeneration via a single dif-
fusor is shown in Fig. 4(a). Although the same circuit topol-
ogy, as applied to above threshold CMOS, can be found
in [19], the technique employed here is di�erent insofar
as the linearizing device is operating in the subthreshold-
ohmic/di�usive region, rather than the linear region. The
conductivity of the di�usor is determined by the relative
width-to-length ratio and the gate potential VGC . For sim-
plicity, we assume that VGC is exactly the average voltage
of the input signals. An expression for IDM is [5, 7]

IDM = Ib (3)

tanh

 
�VDM
2Vt

� tanh�1

"
sinh

�
�VDM
2Vt

�
2m+ cosh

�
�VDM
2Vt

�
#!

Two possible criteria for optimizing the linear range are
equiripple and maximal atness [17]. Maximal atness is
perhaps the best choice, since it provides for a more robust
design strategy against device mismatch. With one degree
of freedom, the �rst nonzero derivative of G will be set to
zero.
Setting the second derivative equal to zero, the only pos-

itive root occurs at m = 0:25. For the same circuit condi-
tions as before, the linear range is 116.8 mV, or eight times
that of the di�erential pair with no linearization. Fig. 3(c)
shows normalized G as a function of VDM . The nominal
transconductance in this case is Go = Ib�=6Vt.
Using the small-signal noise models of appendix A, it can

be shown [5] that the di�erential current noise power spec-
trum is again 2qIb. Whereas this result is expected for the
cases of m = 0 or m ! 1, it is perhaps surprising that
the current noise density is independent of m. The output
voltage noise power is now 3qVt=�C, or three times that
of the di�erential pair, since the nominal transconductance



has been reduced by the same factor. For the same cir-
cuit conditions as before, the dynamic range is 56.8 dB, a
13.2 dB improvement over the basic di�erential pair. The
power consumption remains IbVdd.
A distinct disadvantage of this linearizing technique is

that it requires common-mode circuitry to ensure that the
input signals operate around VGC . The next transconduc-
tance con�guration does not su�er from this problem.
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Figure 4. Di�erential linearized transconductors
with (a) source degeneration via a single di�usor,
and (b) source degeneration via double di�usors.

3.2. Double Di�usors

Fig. 4(b) shows a di�erential pair with source degeneration
via double di�usors. Whereas the topology for this circuit
is derived from [9], its operation is di�erent in that the lin-
earizing devices operate in the subthreshold-ohmic/di�usive
region rather than the above-threshold linear region. An
equation for the di�erential output current is [5, 7]

IDM = Ib (4)

tanh
�
�VDM
2Vt

� tanh�1
h

1

4m+ 1
tanh

�
�VDM
2Vt

�i�
Setting the second derivative of G equal to zero, we �nd
the only positive root occurs at m = 0:5. For the same
parameter values as before, the linear range is 58.4 mV, or
approximately four times that of the basic di�erential pair.
A plot of normalized G is given in Fig. 3(b). In this case,
Go = Ib�=3Vt.
One can show [5] that the di�erential current noise power

spectrum is still 2qIb. The output voltage noise power is
therefore 3qVt=2�C. For the same circuit conditions as be-
fore, the dynamic range is 53.8 dB, or a 10.2 dB improve-
ment over the basic di�erential pair. There is no change in
power consumption.

4. EXPERIMENTAL RESULTS AND
CONCLUSIONS

The transconductance functions of the basic di�erential pair
and the di�erential pair with a single di�usor were mea-
sured using an SR850 lock-in ampli�er. All transistors had
a width of 1377.6 �m and length of 4.8 �m. Chips were
fabricated in a standard 1.2 �m n-well process. Because
device ratios were �xed, i.e. m = 1, VGC was varied at
the gate of the di�usor in Fig. 4(a) in order to simulate the
desired ratio m = 0:25. Fig. 5 shows experimental data.

The linear range of the basic di�erential pair is measured
as 18.6 mV, while that of the transconductor with a sin-
gle di�usor is 133.6 mV. The improvement in linear range
is approximately seven times, or roughly ten percent lower
than that predicted. This discrepancy may be attributed
to such non-idealities as a nonzero drain conductance and
variations in � as a function of input voltage.
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Figure 5. Experimental data of the normalized
transconductance as a function of VDM for (a) the
basic di�erential pair and (b) the di�erential pair
with source degeneration via a single di�usor.

Two linearizing techniques have been described, an-
alyzed, and, optimized for use in the design of lin-
ear continuous-time cochlear �lter banks implemented
in subthreshold CMOS. These linearizing schemes of-
fer signi�cantly higher dynamic range than the basic
transconductance-C integrator, whereas power dissipation
remain unchanged. The single di�usor yields the highest
improvement in dynamic range (13.2 dB); however, it re-
quires extra common-mode circuitry. The double di�usor
o�ers only 3 dB less improvement, whereas no common-
mode circuitry is required.
This work was supported in part by NSF grant ECS-

9313934.

A SUBTHRESHOLD CMOS NOISE MODEL

Equation (1) can also be rendered in the form [20, 21]

IDS = IF � IR (5)

where IF = I0S exp
�VGB=Vt exp�VSB=Vt and IR =

I0S exp
�VGB=Vt exp�VDB=Vt are called the forward and re-

verse currents, respectively. If VSB > VDB +5Vt, IDS � IF
and the transistor is said to be in saturation.
Channel-length modulation becomes signi�cant in satu-

ration. As such, the device equation is augmented with the
factor (1 + VDS=Vo), where Vo is the Early voltage, as in

IDS = I0S exp
�VGB=Vt exp�VSB=Vt(1 + VDS=Vo) (6)

Small-signal parameters are de�ned for both forward and
reverse currents in the ohmic, or di�usive, region. In par-
ticular, let

gmf � @IF =@VGS = IF�=Vt (7)

gmbf � @IF =@VBS = IF (1� �)=V t (8)



De�ne gmr and gmbr similarly.
In saturation, the reverse parameters are negligible and

are safely ignored. In addition, a small-signal output con-
ductance gd results, where

gd � @IDS=@VDS � IDS=Vo (9)

In this work, the small-signal output conductance is treated
as a second-order e�ect and, as such, has been neglected.
For large-area devices, the noise in a subthreshold CMOS

device can be modeled as a bias-dependent shot noise with
a at frequency spectrum [20, 15]. There are two indepen-
dent shot noise components with one-sided power spectra
given by Sif (!) = 2qIF and Sir(!) = 2qIR. In saturation,
one can safely ignore the latter component. A small-signal
model of the CMOS transistor operating in subthreshold
including noise sources is given in Fig. 6. More details can
be found in [20, 5].
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Figure 6. Small-signal noise model of a subthresh-
old CMOS transistor (a) in the ohmic or di�usive
region, and (b) in saturation.
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