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Tutorial II

Basics of Priestley and Esakia dualities



A bit of history

This line of research originates with Stone’s celebrated duality
for boolean algebras (1936).

Since then many Stone-type dualities have been developed for a
variety of structures.

Priestley and Esakia dualities are Stone-type dualities for
distributive lattices and Heyting algebras.

The first duality for distributive lattices was developed by Stone
himself in 1937. This duality is in terms of what we now call
spectral spaces.

One of the key properties in Stone’s original definition was
formulated in a more complicated manner than we formulate it
now. The resulting class of spaces appeared quite exotic at the
time, which could be one of the reasons for why Stone’s duality
for distributive lattices garnered less attention at the time than
his duality for boolean algebras.
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A bit of history

In the late 1950s Nerode realized that the boolean envelope of a
distributive lattice L can be described by strengthening the
topology on the spectrum of prime filters of L to a Stone
topology. This construction later became known as the patch
topology.

In the late 1960s Hochster characterized Zariski spectra of
commutative rings. The resulting spaces are exactly the spectral
spaces arising as prime spectra of distributive lattices!
Hoschster’s definition of spectral spaces is the one that we use
today.

While both Nerode and Hochster utilized the patch topology of
a spectral topology, neither of them developed means to recover
the original spectral topology from the patch topology.
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A bit of history

The missing link is the specialization order of the spectral
topology. This order together with the patch topology yields the
concept of a Priestley space, which is the cornerstone of
Priestley duality for distributive lattices.

Further restriction of the interaction of order and topology
yields the concept of an Esakia space, which is the cornerstone
of Esakia duality for Heyting algebras.

In 1975 Cornish recognized that the categories of spectral
spaces and Priestley spaces are not only equivalent, but even
isomorphic! We start by reviewing this isomorphism.
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Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where
1 (X, T ) is a compact topological space.
2 6 is a partial order on X.
3 x 66 y implies there is a clopen upset U containing x and

missing y.

As usual, clopen means closed and open; and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where
1 (X, T ) is a compact topological space.
2 6 is a partial order on X.
3 x 66 y implies there is a clopen upset U containing x and

missing y.

As usual, clopen means closed and open; and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where
1 (X, T ) is a compact topological space.
2 6 is a partial order on X.
3 x 66 y implies there is a clopen upset U containing x and

missing y.

As usual, clopen means closed and open; and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where

1 (X, T ) is a compact topological space.
2 6 is a partial order on X.
3 x 66 y implies there is a clopen upset U containing x and

missing y.

As usual, clopen means closed and open; and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where
1 (X, T ) is a compact topological space.

2 6 is a partial order on X.
3 x 66 y implies there is a clopen upset U containing x and

missing y.

As usual, clopen means closed and open; and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where
1 (X, T ) is a compact topological space.
2 6 is a partial order on X.

3 x 66 y implies there is a clopen upset U containing x and
missing y.

As usual, clopen means closed and open; and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where
1 (X, T ) is a compact topological space.
2 6 is a partial order on X.
3 x 66 y implies there is a clopen upset U containing x and

missing y.

As usual, clopen means closed and open; and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where
1 (X, T ) is a compact topological space.
2 6 is a partial order on X.
3 x 66 y implies there is a clopen upset U containing x and

missing y.

As usual, clopen means closed and open;

and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where
1 (X, T ) is a compact topological space.
2 6 is a partial order on X.
3 x 66 y implies there is a clopen upset U containing x and

missing y.

As usual, clopen means closed and open; and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Spectral spaces and Priestley spaces

A topological space X is coherent if the compact open sets form
a basis which is a bounded sublattice of the frame OX.

A topological space X is a spectral space if X is a sober coherent
space.

A Priestley space is a triple (X, T ,6) where
1 (X, T ) is a compact topological space.
2 6 is a partial order on X.
3 x 66 y implies there is a clopen upset U containing x and

missing y.

As usual, clopen means closed and open; and upset means
upward closed wrt order: u ∈ U and u 6 v imply v ∈ U.

The third defining property of a Priestley space is often referred
to as the Priestley separation axiom.



Priestley spaces

Lemma. Each Priestley space is Hausdorff.

Proof. Suppose x 6= y. Since 6 is a partial order, either x 66 y or
y 66 x. In either case, the Priestley separation axiom yields a
clopen set U separating x and y. Since the complement of U is
also clopen, U and Uc separate x and y, hence X is Hausdorff.
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Proof. Let x ∈ U with U open. For each y /∈ U, we have x 66 y or
y 66 x. In either case, the Priestley separation axiom yields a
clopen set Uy separating y from x. The Uy cover Uc. Since X is
compact and Uc is closed, Uc is compact. Therefore, there are
finitely many such Uy covering Uc. The intersection of their
complements is a clopen set V satisfying x ∈ V ⊆ U. Thus,
clopens form a basis.

Consequently, the topology of a Priestley space is a Stone
topology (i.e., a compact Hausdorff topology with a basis of
clopen sets).
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From Priestley spaces to spectral spaces

Each Priestley space (X, T ,6) carries two more topologies, the
upper topology of open upsets and the lower topology of open
downsets.

Both turn out to be spectral topologies. We concentrate on the
upper topology T U.

The compact opens of (X, T U) are exactly the clopen upsets of
(X, T ,6). This yields that (X, T U) is coherent.

For A ⊆ X, let ↓A = {x ∈ X | x 6 a for some a ∈ A}. As usual, we
call ↓A the downset of A.

The irreducible closed sets of (X, T U) are exactly the downsets
of points of X. Thus, (X, T U) is sober.

Lemma. If (X, T ,6) is a Priestley space, then (X, T U) is a
spectral space.
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From spectral spaces to Priestley spaces

Let (X,O) be a spectral space. Define the patch topology O# by
letting

{U \ V | U,V ∈ O}

be a basis for the topology.

Then O# is a Stone topology, and the key to prove this is to
show that O# is compact.

Let 6 be the specialization order of (X,O) where x 6 y iff x
belongs to the closure of y (equivalently, each open containing x
also contains y).

Then the compact opens of (X,O) are exactly the clopen upsets
of (X,O#,6). So since (X,O) is coherent, (X,O#,6) satisfies
the Priestley separation axiom.

Lemma. If (X,O) is a spectral space, then (X,O#,6) is a
Priestley space.
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Let Pries be the category of Priestley spaces and continuous
order preserving maps.

Let Spec be the category of spectral spaces and continuous
maps satisfying that the inverse image of a compact open is
compact (open).

Cornish (1975): Spec is isomorphic to Pries.



Isomorphism of categories

Let Pries be the category of Priestley spaces and continuous
order preserving maps.

Let Spec be the category of spectral spaces and continuous
maps satisfying that the inverse image of a compact open is
compact (open).

Cornish (1975): Spec is isomorphic to Pries.



Isomorphism of categories

Let Pries be the category of Priestley spaces and continuous
order preserving maps.

Let Spec be the category of spectral spaces and continuous
maps satisfying that the inverse image of a compact open is
compact (open).

Cornish (1975): Spec is isomorphic to Pries.



Isomorphism of categories

Let Pries be the category of Priestley spaces and continuous
order preserving maps.

Let Spec be the category of spectral spaces and continuous
maps satisfying that the inverse image of a compact open is
compact (open).

Cornish (1975): Spec is isomorphic to Pries.



The spectrum of a distributive lattice

Let L be a bounded distributive lattice. As usual, we denote the
bounds of L by 0 and 1.

Let XL be the set of prime filters of L. We call XL the spectrum of
L.

For a ∈ L, let ϕ(a) = {x ∈ XL | a ∈ x}.

Then ϕ embeds L into the powerset of XL. (This requires Stone’s
lemma that if a 66 b, then there is a prime filter containing a but
not b.)

Let OL be the topology whose basis is ϕ[L], and let TL be the
patch topology of OL.

Then (XL,OL) is the spectral space of L and (XL, TL,⊆L) is the
Priestley space of L.
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Stone and Priestley dualities

Moreover, L is isomorphic to the compact opens of (XL,OL) and
to the clopen upsets of (XL, TL,⊆L).

These facts are at the heart of Stone and Priestley dualities for
distributive lattices.

Let Dist be the category of bounded distributive lattices and
bounded lattice homomorphisms.

Stone Duality: Dist is dually equivalent to Spec.

Priestley Duality: Dist is dually equivalent to Pries.
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Heyting algebras

A bounded distributive lattice L is a Heyting algebra if the
binary operation ∧ has a residual→ defined by

a ∧ x 6 b iff x 6 a→ b

The name comes from the fact that Heyting algebras are
algebraic models of Intuitionistic Logic as axiomatized by
Heyting.

Lemma. Frames are exactly the complete Heyting algebras.

Proof. If L is a frame, then define

a→ b =
∨
{x ∈ L | a ∧ x 6 b}

The join infinite distributive law yields that→ is the residual of
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Conversely, if L is a complete Heyting algebra, then∨
{a ∧ s | s ∈ S} 6 x iff a ∧ s 6 x ∀s ∈ S

iff s 6 a→ x ∀s ∈ S
iff

∨
S 6 a→ x

iff a ∧
∨

S 6 x

Thus, L is a frame.
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The spectrum of a Heyting algebra

Let L be a Heyting algebra and XL its spectrum. Since L is a
distributive lattice, (XL, TL,⊆L) is a Priestley space.

Recall that ϕ embeds L into the clopen upsets of XL:

1 ϕ(0) = ∅
2 ϕ(1) = XL

3 ϕ(a ∧ b) = ϕ(a) ∩ ϕ(b)
4 ϕ(a ∨ b) = ϕ(a) ∪ ϕ(b)

We clearly want to have ϕ(a→ b) = ϕ(a)→ ϕ(b).

But how should ϕ(a)→ ϕ(b) be defined?
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The spectrum of a Heyting algebra

In the boolean algebra of clopens

ϕ(a)→ ϕ(b) = −ϕ(a) ∪ ϕ(b)

But −ϕ(a) ∪ ϕ(b) is not an upset.

So it is natural to define ϕ(a)→ ϕ(b) as the largest upset
contained in −ϕ(a) ∪ ϕ(b).

The largest upset contained in a set U is −↓ − U.

ϕ(a)→ ϕ(b) = −↓ − (−ϕ(a) ∪ ϕ(b))
= −↓ (ϕ(a)− ϕ(b))

For this to be well defined, we need the downset of clopen to be
clopen.
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Esakia spaces

Definition. An Esakia space is a Priestley space (X, T ,6)
satisfying

U clopen ⇒ ↓U clopen.

Equivalent formulation: The closure of each upset is an upset.

However, the closure of a downset may not be a downset.

Also U clopen does not necessarily imply ↑U is clopen.

This demonstrates the non-symmetric feature of Heyting
algebras and Esakia spaces.
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Esakia duality

Let Heyt be the category of Heyting algebras and Heyting
homomorphisms.

Let Esa be the category of Esakia spaces and continuous maps
satisfying ↑f(x) = f(↑x).

Esakia duality: Heyt is dually equivalent to Esa.
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Dual characterization of joins

Let B be a boolean algebra and XB the Stone space of B.

For S ⊆ B, we have
∨

S exists in B iff
⋃

ϕ(S) is clopen.

In the Priestley dual of a distributive lattice,
⋃

ϕ(S) may not be
an upset, so

∨
S exists iff ↑

⋃
ϕ(S) is clopen.

In the Esakia dual of a Heyting algebra,
⋃

ϕ(S) is an upset, so
we obtain something similar to the boolean case:

∨
S exists iff

⋃
ϕ(S) is clopen.
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Extremal (order) disconnectedness

A boolean algebra B is complete iff U open in XB implies U is
open.

Thus, B is complete iff XB is extremally disconnected.

A distributive lattice L is complete iff U open upset in XL implies
↑U is open.

Since such spaces are order-analogues of extremally
disconnected spaces, they are often called extremally order
disconnected spaces.
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Dual description of frames

A Heyting algebra L is complete iff U open upset in XL implies U
is open.

Thus, a Heyting algebra L is complete iff XL is an extremally
order disconnected Esakia space.

Recall: Complete Heyting algebras are nothing more but
frames.

Thus, we arrive at the following dual characterization of frames:

Pultr and Sichler (1988). A bounded distributive lattice L is a
frame iff XL is an extremally order disconnected Esakia space.
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New approach to frames

We can study frames, spatial or not, by means of their dual
extremally order disconnected Esakia spaces.

This restores the lost geometric intuition!

Example. Let B be a boolean frame, so a complete boolean
algebra. Let XB be the Stone space of B. Since B is complete, XB
is extremally disconnected.

As we saw in Tutorial I, points of B correspond to atoms of B. By
Stone duality, atoms of B correspond to isolated points of XB.
You may have plenty of them or none. But even if you have
none, you still have XB to work with, which carries all the
information about B!

We will see in Tutorial III that this point of view is very fruitful.
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Homomorphisms and nuclei

Let h : L→ M be a homomorphism of frames. What is the kernel
of h?

Observe that h has the right adjoint r : M → L given by

r(b) =
∨
{x ∈ L | hx 6 b}

Let j : L→ L be the composition j = r ◦ h. Then j satisfies:

1 a 6 ja
2 jja = ja
3 j(a ∧ b) = ja ∧ jb

Such functions on L are called nuclei.
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Homomorphisms and nuclei

Given a nucleus j on a frame L, let Lj be the fixpoints of j:

Lj = {a ∈ L | a = ja}

Then Lj is a frame where meet is calculated as in L and the join
is given by ⊔

S = j
(∨

S
)

Theorem. Frame homomorphisms are characterized by nuclei.

Thus, sublocales are characterized by nuclei.
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