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1. Introduction

Let V ⊆ W be varieties of algebras andA,B ∈ V . A homomorphismf :A→ B

is aW -epimorphism iff for everyC ∈ W and all homomorphismsg, h:B → C,
g ◦ f = h ◦ f implies g = h. The concept applies to arbitrary categories, but
we are only concerned here with the case of varieties. It is obvious that iff is
surjective then it is aW -epimorphism. The question thus arises in any concrete
case of structured sets whether epimorphisms are surjective. The question is gener-
ally not easy to answer and in many important cases the answer is not known. An
excellent survey article concerning epimorphisms and other fundamental concepts
in universal algebra can be found in [12].

The Main Lemma (Section 3) of this paper answers the question whether epi-
morphisms are surjective in several cases. Loosely speaking it says that, under
many restrictive conditions,W -epimorphisms inV are surjective if this is true for
W -epimorphisms from (directly) irreducible members ofV .

The first application of our Main Lemma, Theorem 1 of Section 4, deals with
discriminator varieties. The result is known, see [1]. We include the result here
because it is also an easy consequence of our Main Lemma. The remaining appli-
cations deal with varieties of orthomodular lattices, abbreviated OMLs. The first
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application, Theorem 2 of Section 5, is concerned with varieties of OMLs which
are generated by OMLs of bounded height. The last application, Theorem 3 of
Section 6, deals with varieties of OMLs which are generated by OMLs which are
the horizontal sums of their blocks.

The proof of our Main Lemma is divided into several smaller lemmata. In an
earlier version of this paper, Lemma 1 was part of the assumptions of the Main
Lemma. We are grateful to R. Willard for pointing out to us that Lemma 1 is
a consequence of the remaining assumptions of our Main Lemma. The proof of
Lemma 1 is his.

2. Preliminaries

A concept closely related to that of aW -epimorphism is that of an epic subalgebra.
A subalgebraS of an algebraA is epic in a varietyW containingA, in symbols
S ≤ A epic inW , iff the inclusion map ofS into A is aW -epimorphism, in other
words, if mapsg, h fromA to someC ∈ W which coincide onS are equal. It is an
easy exercise to see thatW -epimorphisms inV are surjective iff noA ∈ V has a
proper subalgebra which is epic inW .

A concept which has been used extensively before and will also play an impor-
tant role in this paper is that of a factor pair and a factor congruence. A factor pair
in an algebraA is a pair(θ, ψ) of congruence relations inA satisfyingθ∩ψ = 1A

andθ ◦ ψ = ∇A, where1A is the diagonal ofA2 and∇A = A2. It is well known
and easily seen that a pair(θ, ψ) of congruences inA is a factor pair iff the map
f from A into the product(A/θ) × (A/ψ) defined byf (a) = (a/θ, a/ψ) is an
isomorphism. A factor congruence inA is a congruenceθ for which there exists
ψ such that(θ, ψ) is a factor pair. For an algebraA let Con(A) (or ConA) be
the lattice of all congruence relations inA and letC(A) be the set of all factor
congruences inA.

Some more notation. Ifθ is a congruence ofL thenκθ is the canonical map onto
the quotient, ifL is an algebra then[L] is the variety generated byL, and ifp is a
term andL an algebra thenpL is the polynomial inL induced byp.

3. The Main Lemma

LetU ⊆ V ⊆ W be varieties and letp, q ben-ary terms such that

(1) V is congruence permutable and for everyL ∈ V the setC(L) of all factor
congruences ofL is a distributive(and hence Boolean) sublattice ofCon(L).

(2) Directly irreducibles inV are simple.
(3) NoL ∈ U has a proper epic subalgebra inW .
(4) No irreducibleL ∈ V has a proper epic subalgebra inW .
(5) U = {L ∈ V :p = q holds inL}.
(6) If L ∈ V , a ∈ Ln then the pair(pL(a), qL(a)) generates a factor congruence

in L.
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(7) If L ∈ V then there existsa ∈ Ln such thatpL(a) = qL(a).
Under these assumptions noL ∈ V has a proper epic subalgebra inW .
We divide the proof in a sequence of lemmata.

LEMMA 1. If (θ, θ∗) is a factor pair inL ∈ V and if φ is a completely meet-
irreducible congruence inL, thenθ ⊆ φ or θ∗ ⊆ φ.

Proof (Willard). By assumptionV is congruence permutable and for eachA ∈
V the setC(A) of all factor congruences ofA is a Boolean sublattice ofCon(A). It
follows that the five element modular, non-distributive latticeM3 is not a bounded
sublattice ofCon(A), hence, by exercise 5.2, p. 55 of [7],V does not contain
non-trivial Abelian algebras. Therefore by Theorem 5.8, p. 85 of [7], for each
A1, A2 ∈ V and eachψ ∈ Con(A1 × A2), ψ = (kerπ1 ∨ ψ) ∧ (kerπ2 ∨ ψ). As
(θ, θ∗) is a factor pair ofL, L ∼= L/θ × L/θ∗, henceφ = (θ ∨ φ) ∧ (θ∗ ∨ φ). As
φ is completely meet irreducible, the result follows. 2
LEMMA 2. If L ∈ V , S ≤ L epic in [L] then the only congruenceθ in L

satisfyingθ | S = ∇S is∇L.
Proof. Assumeθ ∈ ConL andθ | S = ∇S . Then it follows from one of the

isomorphism theorems thatκθ(S) is a one element subalgebra{a} of L/θ . Thus the
mapf :L→ {a} is a homomorphism andf | S = κθ(S). SinceS ≤ L epic in[L]
it follows thatf = κθ and hence thatθ = ∇L. 2

If S ≤ L and if θ ∈ Con S let θ be the congruence inL generated byθ .

LEMMA 3. If L ∈ V , S ≤ L epic inW and if (θ, θ∗) is a factor pair inS then
(θ, θ∗) is a factor pair inL.

Proof.Let φ be a completely meet-irreducible congruence inL andψ = φ | S.
Thenκφ(S) ≤ L/φ is epic inW , hence, sinceL/φ us irreducible,κφ(S) = L/φ
andS/ψ ∼= L/φ. ThusS/ψ is s.i. and it follows from Lemma 1 thatθ ⊆ ψ or
θ∗ ⊆ ψ , henceθ ⊆ φ or θ∗ ⊆ φ, henceθ ∩ θ∗ ⊆ φ. Since the intersection of all
completely meet-irreducible congruences is1L, it follows thatθ ∩ θ∗ = 1L. But
∇S = θ ∨ θ∗ ⊆ (θ ∨ θ∗) | S, thus, by Lemma 2,θ ∨ θ∗ = ∇L, which implies the
claim since we are in a congruence permutable variety. 2
LEMMA 4. If L ∈ V , S ≤ L epic inW then the mapθ ; θ is a Boolean algebra
embedding ofC(S) intoC(L).

Proof. By Lemma 3 the mapθ ; θ mapsC(S) into C(L) and preserves
complements. To show that it preserves meets assume thatφ,ψ ∈ C(S). Then
φ ∩ ψ ⊆ φ ∩ψ and henceφ ∩ ψ ⊆ φ ∩ψ . To show equality it is enough to show
that(φ ∩ ψ) ∨ (φ ∩ ψ)∗ = ∇L. But (φ ∩ ψ) ∨ (φ ∩ ψ)∗ = (φ ∩ ψ)∨ φ∗ ∨ψ∗ =
(φ ∩ ψ) ∨ φ∗ ∨ ψ∗ ⊇ (φ ∩ ψ) ∨ φ∗ ∨ ψ∗ = (φ ∩ ψ) ∨ (φ ∩ ψ)∗ = ∇S . Equality
thus holds by Lemma 2 and hence our map is a Boolean algebra homomorphism.
But θ = 1L clearly impliesθ = 1S , proving our map is an embedding. 2
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LEMMA 5. If L ∈ V , S ≤ L epic inW andθ ∈ C(S) thenθ | S = θ .
Proof.Let (θ, θ∗) be a factor pair inS. Then, by Lemma 3,(θ, θ∗) is a factor pair

in L, in particularθ ∩ θ∗ = 1L. Thus(θ | S)∩ θ∗ ⊆ (θ ∩ θ∗) | S = 1S. It follows
that θ and θ | S are complements ofθ∗ in Con S. It follows from congruence
modularity that they are equal. 2
NOTATION. If S ≤ L and if I is a prime ideal inC(S) defineI = {θ : θ ∈ I }.
LEMMA 6. If L ∈ V , S ≤ L epic inW and if I is a prime ideal inC(S) then⋃
I is a congruence inS,

⋃
I is a congruence inL andS/

⋃
I ∼= S/⋃ I . (Here

S/
⋃
I is defined to be{s/⋃ I : s ∈ S}.)

Proof.SinceI, I are up-directed their unions are trivially congruences. The map
s ; s/

⋃
I is clearly a homomorphism ofS onto S/

⋃
I and the kernel of it is⋃

I by Lemma 5, proving the last claim. 2
LEMMA 7. If L ∈ V and if I is a prime ideal inC(L) thenL/

⋃
I is irreducible

or belongs toU .
Proof. AssumeA = L/

⋃
I 6∈ U . We have to show thatA is irreducible,

or equivalently, has no non-trivial factor pair. ButCon(L/
⋃
I ) is canonically

isomorphic with the interval[⋃ I,∇L] of ConL and under this isomorphism per-
muting congruences correspond to permuting congruences. Thus to every factor
pair inA there exist congruencesθ1, θ2 in L such thatθ1 ∩ θ2 = ⋃ I andθ1 ◦ θ2 =
∇L. As A ∼= (L/θ1) × (L/θ2) 6∈ U we may assume w.l.o.g. thatL/θ1 6∈ U .
Then, by assumption (5), there exista1, . . . , an ∈ L such thatpL(a1, . . . , an)/θ1 6=
qL(a1, . . . , an)/θ1 and by assumption (7) there existb1, . . . , bn ∈ L such that
pL(b1, . . . , bn) = qL(b1, . . . , bn). Since(ai, bi) ∈ ∇L = θ1 ◦ θ2 there existc1 ∈ L
such thataiθ1ciθ2bi . We thus have

pL(c1, . . . , cn)/θ1 = pL(a1, . . . , an)/θ1

6= qL(a1, . . . , an)/θ1

= qL(c1, . . . , cn)/θ1,

pL(c1, . . . , cn)/θ2 = pL(b1, . . . , bn)/θ2

= qL(b1, . . . , bn)/θ2

= qL(c1, . . . , cn)/θ2.

φ be the congruence generated by(pL(c1, . . . , cn), qL(c1, . . . , cn)). By assump-
tion (6), φ is a factor congruence. Clearlyφ 6⊆ θ1, henceφ 6∈ I , henceφ∗ ∈ I ,
henceφ∗ ⊆ θ2. But by constructionφ ⊆ θ2. Thusθ2 = ∇L. 2
LEMMA 8. If L ∈ V , S ≤ L epic inW and if I is a prime ideal inC(L) then
S/
⋃
I = L/⋃ I .

Proof.We haveS/
⋃
I ≤ L/⋃ I epic inW and by Lemma 7L/

⋃
I is either

irreducible or belongs toU . In the first case the claim follows from assumption (4),
in the second case from assumption (3). 2
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LEMMA 9. If L ∈ V , S ≤ L epic inW andS ∈ U thenS = L.
Proof. By assumption (3) it is enough to show thatL ∈ U . Assume not. Then,

by assumption (5), there would exista ∈ Ln such thatpL(a) 6= qL(a). Let θ be
the congruence inL generated by(pL(a), qL(a)). By assumption (6)θ is a factor
congruence. Clearlyθ 6= 1L and henceθ∗ 6= ∇L. Thus there exists a prime ideal
I in C(L) with θ∗ ∈ I . But (pL(a), qL(a)) ∈ ⋃ I would imply the existence of
φ ∈ I such that(pL(a), qL(a)) ∈ φ, henceθ ⊆ φ and we would obtainθ, θ∗ ∈ I ,
a contradiction. Thus(pL(a), qL(a)) 6∈ ⋃ I and hence the equationp = q is not
valid in L/

⋃
I . But by Lemma 8,S/

⋃
I = L/

⋃
I . Thus the equation would

not be valid inS/
⋃
I and hence not inS, contradicting the assumption (5). Thus

L ∈ U . 2
LEMMA 10. If L ∈ V , S ≤ L epic inW and ifS is irreducible thenS = L.

Proof. By assumption (4) it is enough to show thatL is irreducible. To do this
let θ, φ be completely meet-irreducible congruences inL. Thenκθ(S) ≤ L/θ epic
in W and sinceL/θ is irreducible we obtain from assumption (4) thatκθ(S) =
L/θ . Thusκθ | S is a map ofS onto L/θ . But S is irreducible and hence, by
assumption (2), simple. It follows thatκθ | S is an isomorphism betweenS and
L/θ . Thusκφ ◦ (κθ | S)−1 ◦ κθ andκφ are homomorphisms ofL intoL/φ and they
obviously coincide onS. SinceS ≤ L epic inW they are equal. Assume now that
(a, b) ∈ θ . Then

κφ(a) = (κφ ◦ (κθ | S)−1 ◦ κθ)(a) = (κφ ◦ (κθ | S)−1 ◦ κθ)(b) = κφ(b)
and hence(a, b) ∈ φ. Thus θ ⊆ φ and, by symmetry,θ = φ. Thus there is
only one completely meet-irreducible congruence inL. Since the meet of all com-
pletely meet-irreducible congruences is1L it follows that1L is completely meet
irreducible, hence thatL is s.i. and hence irreducible. 2
LEMMA 11. If L ∈ V , S ≤ L epic inW and if I is a prime ideal inC(S) then
S/
⋃
I = L/⋃ I .

Proof. Using Lemma 6 we haveS/
⋃
I ∼= S/

⋃
I ≤ L/

⋃
I epic inW . By

Lemma 7S/
⋃
I is then irreducible or belongs toU and hence the same is true for

S/
⋃
I . The claim then follows from Lemmata 9 and 10. 2

We are now in a position to prove the Main Lemma. AssumeL ∈ V , S ≤ L epic
in W anda ∈ L. We have to show thata ∈ S. Let6 be the set of all prime ideals
in C(S) and forθ ∈ C(S) defineβ(θ) = {I : θ ∈ I ∈ 6}. Define furthermore

� = {θ ∈ C(S) : there existss ∈ S with (a, s) ∈ θ}.
We show first

(?) If θ1, θ2 ∈ � thenθ1 ∩ θ2 ∈ �.
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If θ1, θ2 ∈ � there exists1, s2 ∈ S such that(a, si) ∈ θi, hence(s1, s2) ∈ θ1 ∨ θ2 =
θ1 ∨ θ2 and, by Lemma 5,(s1, s2) ∈ θ1∨ θ2 = θ1 ◦ θ2. Thus, there existss ∈ S such
that (si, s) ∈ θi. But this clearly implies that(a, s) ∈ θ1 ∩ θ2 = θ1 ∩ θ2 and hence
θ1 ∩ θ2 ∈ �, proving (?).

Now assumeI ∈ 6. By Lemma 11 there existss ∈ S such that(a, s) ∈ ⋃ I

and hence there existsθ ∈ I such that(a, s) ∈ θ . ThusI ∈ β(θ) for someθ ∈ �.
It follows that the setsβ(θ) with θ ∈ � form an open cover of the Stone space of
C(S). By compactness there existθ1, . . . , θn such that6 = β(θ1) ∪ · · · ∪ β(θn) =
β(θ1 ∩ · · · ∩ θn). By (?) we haveθ = θ1 ∩ · · · ∩ θn ∈ �, hence6 = β(θ), which
obviously implies thatθ = 1S . But by definition of� there existss ∈ S with
(a, s) ∈ θ = 1L, hencea = s ∈ S, proving the Main lemma.

4. Discriminator Varieties

As was pointed out in the introduction the following Theorem 1 is known. It is, in
slightly different formulation, contained in part (ii) of Corollary 3 of [1]. We show
here that, modulo well known results concerning discriminator varieties, it is also
a consequence of our Main Lemma.

THEOREM 1. If V is a discriminator variety and if no irreducible member of
V has a proper epic subalgebra inV then no member ofV has a proper epic
subalgebra inV .

Proof. We apply our lemma withW = V andU the trivial variety. Assump-
tion (1) is a consequence of the well known result fact that discriminator varieties
are arithmetical, see [5], Theorem 9.4, p. 165 or [10], Theorem 2.4, p. 388. As-
sumption (2) is also part of Theorem 9.4 of [5]. Assumption (3) is trivial and
assumption (4) of the Main Lemma is explicitly assumed in the theorem. Define
p(x, y) = x, q(x, y) = y. Assumptions (5) and (7) are obvious and assumption (6)
is Theorem 5.6 of [10]. 2
Comer [6] has given an example of a discriminator varietyV in which epimor-
phisms are not onto. H. Werner [14] points out in his perceptive review of Comer’s
paper that in Comer’s example epimorphisms from simple algebras are not onto.
Theorem 1 shows that there are no other examples.

5. Varieties Generated by OMLs of Bounded Height

THEOREM 2. LetV ⊆ W be a varieties. IfV is generated by OMLs of height at
mostn and no irreducible member ofV has a proper epic subalgebra inW , then
no member ofV has a proper epic subalgebra inW .

The proof is divided in a sequence of lemmata based on notions developed in [8].
We briefly recall a few facts from [8]. A partial matrix in an OMLL is a rectangular
matrixM = (mij ) whose entries are elements ofL. It is not required that each cell
of M has an entry. The sizeN(M) of the matrix is the finite sequence〈n1, . . . , nr〉
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of natural numbers wherer is the number of rows ofM andni is the number of
entries in theith row of M. A partial matrix is called admissible if it satisfies a
certain technical condition described on p. 557 of [8]. Upon inspection of these
conditions it is clear that every OML has at least one admissible partial matrix.
The following is contained in Lemma 1 of [8].

LEMMA 12. If K is a non-empty class of irreducible OMLs of height at mostn

then{N(R) : R is admissible in someL ∈ K} is a finite chain under the lexico-
graphical ordering on sequences of natural numbers.

Denote the maximum of this chain byS(K), or byS(L) if K = {L}.
LEMMA 13. Supposeα = 〈n1, . . . , nr〉 is the maximal size of an admissible
partial matrix in some irreducible OML of height at mostn. There is an(n1 +
· · · + nr + 1)-ary ortholattice termhα(Ex, y) with the following property. IfL is
irreducible of height at mostn with S(L) ≤ α, then forM a partial matrix inL of
sizeα andz ∈ L

hα(M, z) =
{

1 if M is admissible andz 6= 0,
0 otherwise.

Proof.Sethα(Ex, y) = pα(Ex, y) ∧ tα(Ex) wherepα is the term given by Lemma 2
of [8] and tα is the term given by Lemma 6 of [8]. Note that these terms are
constructed solely fromα, n and the results proved in [8] apply equally to any
classK of irreducible OMLs of height at mostn with S(K) = α. In particular they
apply to the classK = {L,Q}whereQ is some irreducible OML of height at most
n with S(Q) = α. 2
Let V be a variety generated by OMLs of height at mostn and letK be the s.i.
members ofV . By Jónsson’s lemma [9]K is a class of irreducible OMLs of height
at mostn. Consider the set

{N(R) : R is admissible of maximal size in someL ∈ K}.
By Lemma 12 this is a finite chain, sayα1 < · · · < αk. For 0≤ i ≤ k define

Ki = {L ∈ K:hαj = 0 holds inL for eachi ≤ j ≤ k}
and letVi be the variety generated byKi .

LEMMA 14. V0 ⊆ · · · ⊆ Vk. FurtherV0 is the trivial variety andVk = V .
Proof. It is enough to show∅ = K0 ⊆ · · · ⊆ Kk = K. LetL ∈ K. As every

OML has an admissible partial matrix, choose an admissible partial matrixM in L
of maximal size. ThenN(M) = αj for somej . By Lemma 13L does not satisfy
hαj = 0. HenceK0 = ∅. Trivially Ki ⊆ Ki+1 andKk = K. 2
LEMMA 15. Vi = {L ∈ V :hαj = 0 holds inL for each i ≤ j ≤ k}.
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Proof. As Vi is generated by a subset of the right side, we have containment
from left to right. But the right side is a variety whose s.i. members are contained
in the left side. 2
LEMMA 16. If 1≤ i andL ∈ Vi is s.i. thenS(L) ≤ αi.

Proof.OtherwiseS(L) = αj for somei < j . Then forM an admissible partial
matrix inL of sizeαj , Lemma 13 giveshαj (M,1) = 1, contrary to Lemma 15.2
LEMMA 17. For 1≤ i, eachL ∈ Vi satisfiesγ (hαi (Ex, y), z) = 0.

Proof. It is enough to show each s.i.L ∈ Vi satisfies this equation and this is a
trivial consequence of Lemma 13 and Lemma 16. 2
We are now able to prove Theorem 2. By induction oni we show no algebra inVi
has a proper epic subalgebra inW . For i = 0 this is obvious asV0 is the trivial
variety. Assume no algebra inVi has a proper epic subalgebra inW , we show the
same is true ofVi+1. Apply the Main Lemma toVi ⊆ Vi+1 ⊆ W , with the term
hαi+1 and the constant term 0. Seven assumptions must be verified.

Assumption (1) is true of any variety of OMLs. Assumption (2) follows from
Theorem 1 of [8] asVi+1 is generated by a class of OMLs of height at mostn.
Assumption (3) is the inductive hypothesis and assumption (4) is an assumption
of the theorem being proved. Assumption (5) follows from Lemma 15. IfL ∈
Vi+1 then, by Lemma 17, the range ofhαi+1 is contained in the centre ofL, and
assumption (6) follows. IfL ∈ Vi+1 is s.i. then by Lemma 16S(L) ≤ αi+1, hence,
by Lemma 13,L satisfieshαi+1(Ex,0) = 0. Assumption (7) follows.

COROLLARY 1. If V is a variety generated by a finite number of finite OMLs
there is an effective procedure to determine if any member ofV has a proper epic
subalgebra inV .

Proof.By Theorem 2 it is enough to see if an irreducible member ofV can have
a proper epic subalgebra inV . By Theorem 1 of [8] each irreducible member ofV
is simple, so by Jónsson’s lemma there are only finitely many irreducible members
of V . SupposeL ∈ V is irreducible. IfS ≤ L is a proper epic subalgebra inV
then there is someM ∈ V and mapsf, g:L → M which agree onS but are not
equal. ButM is a subdirect product of s.i. members ofV , so there is a s.i.M ′
and mapsf, g:L → M ′ which agree onS but are not equal. Thus it suffices to
determine whether one of the finitely many irreducible members inV has a proper
epic subalgebra in the finite set of irreducible members ofV . 2
One can easily check that the variety generated by MO2 has no proper epic subal-
gebras, and that the variety generated by the orthomodular house (the five loop) has
proper epic subalgebras. However, the orthomodular house clearly has no proper
epic subalgebras in the variety of all OMLs. Using Theorem 2 this last observation
can be considerably strengthened.
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COROLLARY 2. LetV be the variety generated by the class of all OMLs of height
at most three. Then no member ofV has a proper epic subalgebra inV .

Proof.LetL ∈ V be irreducible. We must showL has no proper epic subalgebra
in V . As each irreducible member ofV is simple, see Theorem 1 of [8], it follows
from Jónsson’s lemma thatL has height at most three. AssumeS ≤ L is a proper
subalgebra. LetL1, L2 be two copies ofL with L1∩L2 = S, letM = L1∪L2 and
let≤ be the union of the partial orderings onL1, L2.

If x ≤1 y ≤2 z, theny ∈ S, hence, asL has height at most three, eitherx ∈ S
or z ∈ S. It follows that≤ is transitive, hence a partial ordering. Ifx, y ∈ Li then
x ∨i y is the join ofx, y in M, and if x ∈ L1 \ L2, y ∈ L2 \ L1 then the join of
x, y in M is the least member ofS above each. ThereforeM is a lattice. Asx < y

in M impliesx, y ∈ Li for somei = 1,2, it follows thaty ∧ x′ 6= 0, henceM is
orthomodular. The obvious isomorphismsϕi:L→ Li for i = 1,2 are maps from
L intoM which agree onS. AsS ≤ L is proper, these maps are not equal. 2
The following observation shows no direct comparison can be made between The-
orems 1 and 2.

PROPOSITION 1.The only varieties of OMLs that are discriminator varieties are
the trivial variety and the variety of all Boolean algebras.

Proof. It is well known that any variety of OMLs other than the trivial variety
and the variety of all Boolean algebras contains MO2. As MO2 is simple and
has a subalgebra which is not simple no variety which contains MO2 can be a
discriminator variety, see Theorem 9.4 [5]. 2
6. Varieties Generated by OMLs which Are the Horizontal Sum of their

Blocks

PROPOSITION 2. If an OMLL is the horizontal sum of its blocks thenL has no
proper epic subalgebras in the variety it generates.

Proof. If S is a proper subalgebra ofL then there exists a blockB of L such that
S∩B is a proper subalgebra ofB. Assume first thatB is finite. Then there exists an
atoma of S∩B which is not an atom ofB and hence contains at least two atoms of
B. Letf be an isomorphism ofL which permutes the atoms ofB underneatha and
maps the rest ofL identically. Clearlyf and the identity map ofL coincide onS but
are not equal. Assume next thatB is infinite. Then, since Boolean algebras have
the strong amalgamation property, there exist a Boolean algebraC and Boolean
embeddingsα, β of B into C which satisfyα(x) = β(x) exactly for the elements
x ∈ S ∩ B. LetM be the OML obtained fromL by replacing the blockB by C.
SinceL andM have (up to isomorphism) the same finitely generated (and hence
finite) subalgebras,L andM generate the same variety. Letf, g be maps ofL into
M defined by

f (x) =
{
α(x) if x ∈ B,
x otherwise,

g(x) =
{
β(x) if x ∈ B,
x otherwise.
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Clearlyf andg coincide onS but are not equal. ThusS is not an epic subalgebra
of L in [L]. 2
THEOREM 3. Let V be a variety generated by OMLs which are the horizontal
sum of their blocks. Then no member ofV has a proper epic subalgebra inV .

Proof. We apply our Main Lemma withU the variety of all Boolean algebras,
W = V , p(x, y) = γ (x, y) = (x ∨ y) ∧ (x ∨ y′) ∧ (x′ ∨ y) ∧ (x′ ∨ y′), the
commutator ofx andy, andq(x, y) = 0. We show that all assumptions of the
Main Lemma are satisfied. Assumption (1) is well known for OMLs in general,
see [11], p. 83. The varietyV satisfiesγ (x, γ (y, z)) = 0, see Theorem 2 of [4].
Then for alla, b ∈ L ∈ V , γ (a, b) is central inL. It follows that ifL is irreducible
thenγ (a, b) ∈ {0,1}, which implies thatL is the horizontal sum of its blocks.
This is well known to imply thatL is simple, proving assumption (2) and, in view
of Proposition 2, assumption (4). Assumption (3) is a consequence of the well
known fact that no Boolean algebra has a proper epic subalgebra in the variety
of all Boolean algebras. Assumption (5) is the well known fact that the equation
γ (x, y) = 0 characterizes Boolean algebras among OMLs. Assumption (6) follows
asγ (a, b) is central for alla, b ∈ L ∈ V . Finally, assumption (7) is satisfied since
γ (a, a) = 0 in any OML. This proves Theorem 3. 2

7. Epic Subalgebras in the Variety of All OMLs

While we are unable to determine whether an OML can have a proper epic subal-
gebra in the variety of all OMLs, we can demonstrate the following partial result.

THEOREM 4. Every OML can be embedded into an OML that has no proper epic
subalgebras in the variety it generates.

One step in the proof requires a result that, thus far, does not appear in the lit-
erature [13]. A proof of this result, which should be credited to Bruns, Greechie,
Kalmbach, and Schröder, is provided through a sequence of lemmata.

LEMMA 18. Given an OMLL andx ∈ L there is an OMLL(x) such that

(i) L ≤ L(x),
(ii) each atom ofL is an atom of L(x), and
(iii ) x is a join of two or fewer atoms in L(x).

Proof. If x is either 0 or an atom ofL simply setL(x) = L. Otherwise use
Greechie’s paste job to pasteL and([0, x′] ∪ [x,1)×2 along the sections[0, x′] ∪
[x,1] and([0, x′] × {0}) ∪ ([x,1] × {1}). 2
The construction in the above proof is Kalmbach’s coatom extension [11, p. 310],
its simplified form is due to Roddy.
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LEMMA 19. Given an OMLL there is an OMLL∗ such that

(i) L ≤ L∗,
(ii) each atom ofL is an atom ofL∗, and
(iii ) each element ofL is a join of two or fewer atoms ofL∗.

Proof.Let (xα)κ be an indexing over a cardinalκ of L. Define recursivelyL0 =
L, Lα+1 = Lα(xα+1), andLα = (⋃β<α Lα)(xα+1) for α a limit ordinal. SetL∗ =
Lκ . 2
LEMMA 20. Given an OMLL there is an OMLL̂ such that

(i) L ≤ L̂, and
(ii) each element of̂L is the join of two or fewer atoms of̂L.

Proof.Define recursivelyL0 = L, Ln+1 = (Ln)∗. SetL̂ =⋃n L
n. 2

We are now situated to prove Theorem 4. AssumeL is an OML and(aα)κ is an
indexing of the atoms of̂L. For eachα ∈ κ letMα be a copy ofMO2× 2 with cα
the central atom ofMα. LetP be the OML formed by pasting eachMα to L̂ along
the atomsaα andcα. We claimP has no proper epic subalgebra in the variety it
generates. AssumeS ≤ P is a proper subalgebra. As each element ofL̂ is a join of
two or fewer atoms,S ≤ P proper impliesMα 6⊆ S for someα ∈ κ. As any proper
subalgebra ofMα is contained in one of the two blocks ofMα, there is a non-trivial
automorphismϕ ofMα which fixescα andMα ∩ S. Letϕ′ be the automorphism of
P which agrees withϕ onMα and with the identity map elsewhere. Thenϕ′ and
the identity map onP agree onS, henceS is not an epic subalgebra in the variety
generated byP .
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