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Theorem on friends and strangers 
 
In a party of six people, either at least three of them are strangers of each other, or at least three of 
them are friends of each other. Why? 
 
Pigeonhole principle 

 
If there are more pigeons than pigeonholes 
=> 
Then at least one pigeonhole has two or more pigeons. 
 
If there are pigeons twice more than pigeonholes 
=> 
Then at least one pigeonhole has three or more pigeons. 
 
 

Key ideas 
1. First, find out what are “pigeons” and what are “pigeonholes”. 
2. Then, find out the conclusion using the Pigeonhole Principle. 

 
Examples 

1. This class has more than 7 students. There are 7 days in a week.  
=> At least two students were born on the same day of a week. 

2. Any human has less than 180 thousand hairs. Dona Ana County has 200 thousand 
people. El Paso has 600 thousand people.  
=> At least two people in Dona Ana have the same number of hairs. At least four people 
in El Paso have the same number of hairs. 

3. Connect 1 point with the other 5 points. Draw the 5 lines using 2 colors  
=> At least three lines have the same color. 
=> This is how we prove the Theorem on Friends and Strangers. 
 

Exercises 
1. In the first 10 odd numbers (1,3,5,…,17,19), how many should we pick to guarantee that 

there must be 2 numbers that their sum is 20. 
2. If Martian has an infinite number of red, blue, yellow, and black socks in a drawer, how 

many socks must Martian pull out of the drawer to guarantee that he has a pair? 
3. From the first 12 numbers (1,2,3,...,11,12), how many of them do we need to randomly 

choose, to ensure that there are at least two numbers in the chosen numbers and their 
difference is 7. 

4. In a group of 10 people, there are at least two people having the same number of 
friends within the group, why?  
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Proof of theorem on friends and strangers 
First we choose any point, and note that five lines come out of it - one 
to each of the other five points: 

 

 
With five lines, there must be at least three of one color - at least three red lines or at 
least three blue lines. Let's suppose there are three red lines (if there 
were three blue lines instead, the argument would be exactly the same 
but with "red" and "blue" swapped). So we have four points like this: 

 
What colors are the three remaining lines? Well, if even one of them is red, then it 
makes a red triangle together with point A (left). And if not, the three together make a 
blue triangle (right): 

 

 

Either way, we have our monochromatic triangle. 

Solutions of the Exercises  
Problem 1: The numbers are the “pigeons”, and we can create several “pigeon holes” so 
that the pigeons in the pigeon holes have the sum of 20. Such pigeon holes include: 1+19, 
3+17, 5+15, 7+13, and 9+11. We have 5 pigeon holes, to make sure that we have two 
pigeons in one pigeon hole, we need 6 pigeons. So we need 6 numbers. 
 
Problem 2: Martian must pull 5 socks out of the drawer to guarantee he has a pair. In this 
case the pigeons are the socks he pulls out and the holes are the colors. Thus, if he pulls 
out 5 socks, the Pigeonhole Principle states that some two of them have the same color. 
Also, note that it is possible to pull out 4 socks without obtaining a pair. 
 
Problem 3: The numbers are “pigeons”, and we need to create the pigeon holes so that the 
two numbers in the pigeon hole have a different of 7. We have five pairs 12-5, 11-4, 10-3, 9-
2, and 8-1, besides, we have two numbers 6 and 7 which are not in the pairs. We make 6 
and 7 as special pigeon holes. Therefore, we have total 7 pigeon holes, we need 8 numbers 
to make sure two pigeons are in the same pigeon hole. So the answer is 8.  
 
Problem 4: We let each individual to be the “pigeon” and the number of friends as the 
“pigeon hole”. The maximum number of friends one person in the group can have is 9, and 
the minimum is 0. However, 9 and 0 can not happen at the same time: if one people have 
no friends, then no one can have 9 friends. The max number of “pigeon holes” is 9 while the 
number of pigeons is 10. So at least two pigeons are in the same pigeon hole, which means 
two people have the same number of friends. 
 
 
 


